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TWO-STAGE CHAIN SAMPLING INSPECTION PLANS
WITH DIFFERENT SAMPLE SIZES IN THE TWO STAGES

by

K. S. Stephens*

and

H. F. Dodge

INTRODUCTION

In previous reportsl'2v3»4 a generalized family of two-stage chain sampling
inspection plans was presented. Conditions for their use were also discussed.
This report contains a further generalization of these plans with particular
attention to the specification of the sample sizes used in the different stages
of the criteria. Previous plans specify the use of the same sample size in
both stages. The plans presented here call for the use of different sample sizes
in the two stages.

While this modification results in a variable amount of inspection, it has
certain advantages. 1In fact, it seems logical to require a larger sample during
initial start-up and following rejected lots, for, in practice, it often
happens that defective lots occur in bunches. Under these conditions if a
defective lot is found, as suggested by a rejection, thne succeeding lots
warrant closer inspection. In principle, the inspection procedures for
both the military standard plans (HIL-STD—105D5), and the continuous sampling
plans (such as CSP-16) also incorporate intensified inspections during periods
of possibly excessive defectiveness. MIL-STD-105D provides for "Tightened

Inspection” when lot rejections are too closely spaced, while CSP-1 requires

This report is based in part on work being done in preparation of a
doctoral thesis at Rutgers~The State University.
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100% inspection (to the extent of clearing i consecutive units) following
the occurrence of a defective during sampling.

Comparisons of the new plans with those having the same parameters
but a single sample size indicate that improved discrimination is achieved
by this two-sample-size procedure. The evaluation of the new plans is
carried out using the framework of the theory described in a previous report.s

GENERAL PLAN AND OPERATING PROCEDURE

The general plan and operating procedure are the same as described in
the above-mentioned previous reports. The parameters designating the number
of samples over which cumulation takes place in the different stages i.e.,
ky and ky, and the parameters designating the allowable number of defectives
in the associated cumulative results i.e., Cy and Cy, remain the same. The
parameter designating the sample size.i.e., n, is now defined separately for
each of the two stages--namely n, and ng.

For purposes of illustration and completeness, a modified schematic of
the operating procedure given in the previous reports is shown in Fig. 1.

The following designations are used in the schematic to describe the
operation of the sampling procedure:

dj--the number of defectives in the ith sample.

D;~-the cumulative number of defectives at the ith Sample, with

cumulation performed as shown,

Here the definition of D; differs from that used in the earlier report.1
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Take a sample of ny.

Record d; and Di = i d,.
J'..—.l 3

1‘

If Dy < G,
accept and continue.

(i.e., increase i by 1)

——

If 15k

1si< ky
I
]
If i > kl
L
4*1

>

Take a sample of ng.

4

i
Record d; and D; = ;j§1d .

kl <i< k2

reject and restart.

(i.e., reset i=1)

|

If Dy < Cy,

accept and continue.

(i.e., increase i by 1)

——

]

reject and restart.

(i.e., reset i=1)

accept and continue.

(i.e., increase i by 1)

‘--4 If 1 < kz If i > k2
1
Take a sample of n,.
kz-l
Record d; and D; = j§—0 dy_ 4.
# i.e., D; is a moving total
over the last kyp sample
results for i > k2
If D; £ Cy,

If D; > C,,

reject and restart

(i.e., reset i=1)

Fig. 1 Flow Chart of Operations, Two-Stage Chain Sampling Plan
with Different n, i.e. n; and n,
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DESIGNATION OF PLANS
It is of course possible to assign a large number of different values
to the six parameters which make up a plan. To facilitate discussion the
general system of designation defined before will again be used, with
ChSP(nl,nz)—Cl,C2 designating the "Chain Sampling Plan with Different

n, i.e. n1 and nz" with cumulative-result acceptance numbers Cl and C2:

Parameters Designation

ny, ny; ki, ky; o, 1 ChSP(nl,nz)-O,l

ny, n,; ki, ko3 G, 2 ChSP(nl,n2)~O,2

n,, n,; kl, k2; 1, 2 ChSP(nl,nz)-l,z

ny, n,; kl’ kz; 0, 3 CﬁSP(nl,nz)—O,S

n,, n,; kl’ k2; 1, 3 ChSP(nl,nz)-1,3
etc. etc,

In referring to a specific plan, the values of the parameters in the
above order will be enclosed in parentheses e.g., (20, 10; 1, 2; 0, 2) designates
the ChSP(nl,nz)—0,2 plan having parameters: n, = 20, n, = 10; k, = 1, k,_, = 2;

C1 = 0, C2 = 2. On occasion it will be convenient to abridge the notation to the

four basic parameters, when ny and n, are clearly implied.

EVALUATING OPERATING CHARACTERISTICS
The operating characteristics of the present procedure are readily evaluated
using the Markov chains developed for evaluating the ChSP procedures of the
previous reports. The only necessary modification is to make each transition

probability a function of the parameters ny and n,, depending on whether the
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transition involves the first or second stage of the criteria. In general,

the transition probabilities from those states not involving an "R" (denoting

a rejection) will always be functions of n, only, since these states are reached
only while in the second stage of the criteria. The transition probabilities
from state "R" will always be functions of n, only, since a rejection requires

a return to the first stage of the criteria. The transition probabilities

from other states involving an R, e.g., (RO, R1l, R2, ROO, RO1l, R10, RO2, ROZ,

RO0O, etc.) will be functions of ny or n depending on the parameter ky. When

2

the number of sample outcomes contained in a state involving a rejection (R)
are equal to or greater than kl + 1, transitions from such states will be
functions of n,. But when the number of sample outcomes contained in a state
involving a rejection (R) are less than ky + 1, transitions from these states

will be functions of nl. To illustrate the situation for states involving an

R other than the state "R" itself, the following examples are given.

Example 1

Let k; =1, k, = 4; C; = 0, Cyp = 2.

States involving an R other than the state "R" itself are:

ROO
Rgl number of sample outcomes contained in each state equal 3,
RO2
RO - number of sample outcomes contained in this state equal 2.

The number of sample outcomes contained in each of these states = ky + 1 = 2.
Hence transitions from these states are functions of n,, since passage to
the second stage of the criteria takes place with the occurrence of zero
defectives following a rejection (i.e., k1 = 1), The possible tran;itions
from the above states in accordance with the given acceptance criteria are

as follows:

PRroo,000 = Probability of zero defectives in n,
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pRO0,00l = Probability of one defective in n,

Proo,002 = Probability of two defectives in n,

PrROO,R = Probability of three or more defectives in n,

PRo1,010 = Probability of zero defectives in n,
PRO1,011 = Probability of zero defectives in n,

pROl,R = Probability of two or more defectives in n,

pR02,020 = Probability of zero defectives in n,

PRro2,R = Probability of one or more defectives in n,

pRO,ROO = Probability of zero defectives in n,

pRO,ROl = Probability of one defective in n,

pRO,ROZ = Probability of two defectives in n,

P Probability of three or more defectives in n
RO,R 2

Now note that for k, = 2, k; =4; C, =0, C, = 2, only two of the above

1

states are admissible--namely ROO and RO, i.e., ROl and RO2 exceed the

C1 = 0 criterion for k1 = 2 samples following a rejection.

For the first of the admissible states involving a rejection i.e., ROO,

the number of sample outcomes contained in the state = kl + 1 = 3.

Hence transitions from this state are functions of n2 and are the

same as in the above example.

However, the number of sample outcomes contained in the state RO <« k;, + 1 = 3.
Hence transitions from this state are functions of n,y since two (i.e., kl)
acceptable sample outcomes must follow a rejection before passing to the

second stage of the criteria.

The possible transitions from this state in accordance with the given

acceptance criteria are as follows:
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pRO,ROO = Probability of zero defectives in nl.
pRO,R = Probability of one or more defectives in n,.
Example 2
Letk1=3’ k2=4; C1=0, C2=2_

For this case, states ROO and RO are again admissible. However, the
number of sample outcomes contained in both states ROO and RO <« k1 + 1= 4.

Hence transitions from both states are functions of ny.

The possible transitions are as follows:

pRO0,000 = Probability of zero defectives in ny
pROO,R = Probability of one or more defectives in nl
pRO,ROO = Probability of zero defectives in n,
Pro,R = Probability of one or more defectives in ny

Previously (in the earlier reports) the transition probabilities, Py were

J"
labeled: P4, d =0, 1,..., Cy and defined accordingly,

Pd = Probability of d defectives in a sample of n

For this report the transition probabilities, pij are labeled:

Pd,n , d=0, 1,..., Cy; s =1, 2 and are defined as,
s

Pd n Probability of d defectives in a sample of ng.
Mg
Making use of this notation, the transition probability matrices for a
number of Markov cahins are given below. These are Markov chains for a

selected group of the sets of parameters which have been evaluated. The fol-

lowing nine plans are illustrated:
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Plan k]_’ k2; Cl) C2
1) 1, 2; o, 1l
(2) 1, 3; o, 1
(3) 2, 3; o, 1
(4) 1, 2; o, 2
(5) 1, 3; 0, 2
(6) 2, 3; 1, 2
(7) 1, 5; o, 2
(8) 1, 2; o, 3
(9) 2, 3; o, 3

Algebraic solutions for $a, the proportion of lots expected to be
accepted, are given for plans (1), (2), (3), (4), and (8) by solving the Markov

chains for the limiting probability of the rejection, "R", state.

Plan (1): 1,2; 0,1

State at ith trial

0 1l R
1
Staze Y PO,ng Pl,ng 1 _iéopi,na
a
(i-1)st 1 . 1 -
Poyna Po,nz
trial
R Po’nl . 1l - I’()’n‘1

Fig. 2. Markov Chain for ChSP(nl,nz)-O,l Plan: (kj,kq; Cy,Co =1,2; 0,1)

Proceeding as in previous reports3’4, the solution of the limiting

probability of state "R" from which fa is obtained is as follows:

P1 = Pl,nepo (2)
P0+P1+PR=1 (3)

Using (2) in (1) produces the following equations:
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0O,n, R
PO =
1-P -
0,n Po:napl,ng
Py = Po,n P1,n,"R
1-P - P P
0,np O,ng 1,mp

Using (4) and (5) in (3) gives the result for PR

1 -Po,n, - Po,n:P1,m,

Py =
1+Ry Byt PPy T PonPln
Pa = - o,n ¥ Po,n P1,n
a = 14 = =
LRy TP t PPy T P 0.1,

REPORT NO. N-23
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(1

(5)

(6)

(D

It is of interest to check the agreement of this result with the special

case of ny = ny, =N, for which the parameters being considered are those of a

Chsp-0,1 plan1 or more specifically, the ChSP-1 plan

With PO,n1 =Py

7 with i = 1.

= Py, and Pl, = Py, (7) reduces to,

s 12 Dg

Pa = Py + PoPy, which is the expected result.

Plan (2): 1,3; 0,1
State at ith trial
00 01 10 RO R

00 Po,ng Py no . . 1 ’iéopi,ne
Stz:e on| - . Po.n . 1 - Py
(i;ilit 101P0,n, ° ) ) 1= Py,

RO [ Pg o Py on . . 1 _iéopi:ne

R| - . . Po,n, !~ Po,n

Fig. 3. Markov Chain for ChSP(nl,nz)-O,l Plan:

(kl’kz; Clycz =

1,3; 0,1)
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POO = PO,HQPOO + PO,nzplo + PO,ngPRO (8)

P01 = P1,1n,"00 * P10, R0 (9)

P10 = Po,n."01 (10

Pro = po’anR (11)

Poo * POl + Plo + PRO +Pp =1 (12)

Combining equations as before,

Py = 1-Po,n, - Poenepl,qgr (13)
l_PO,na-PO,ngpl,n2+P0,n1+P0,n1Pl,n2+P0,n1PO,naPl,ne

o - Po,n, *P0,n, P1,n; *P0,n, PO,nyP1,np '(14)
l_PO,ng_Poz,ng Pl,n2+P0,nl+P0,n.1P1,n2+P0,nlPO,napl,na

The result can also be checked against the special case for n, =n, =n.

With P =P =P

0,m 0,15 0’ and P

1,0, = Py, (14) reduces to,

2
Py + PPy + P4 P
Pa = 0 s 01 , which is the result

1+ POP1

obtained from (1), page 8 of Reference 1 when k = 1, and

1
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Plan (3): 2,3; 0,1

State at ith trial

00 1) 8 10 RO R
91 Pon, Pinm ) ) l-i}zopi'”a
State 01 ) ° pﬂ,ng . 1- PO,na
(i-:;:st 10 | Pg py : . . 1-Po,n
trial RO P . . . 1-p
0,n 0,n
R . . . Po,n, 1 - Pg,n
Fig. 4. Markov Chain for Ch@(nl,nz)-o,l Plan: (kl,kz; 01,02 = 2,3; 0,1)
Poo = Po,napoo + PO,ngplo + Po’anRO (15)
o1 = P1,n,"00 , ae
Pi0 = Po,n,Pm (17)
Pro = Pg,n Fr (18)
Poo + Pgy + Pyg + Ppg +Pp =1 (19)

Combining equations as before,

= (1-p. -p 2 _ -p.2 -
PR = Q-Pg 0 Polhy P1,np)7 (-Pg,n, P ,o¥1,0P0,n, "Po,n Po,n,

- 2 +P .2 +P 2
Po,n,F0”, P2, 10 *P0%, 1, P00, P1,mp

+p 2

0 ’nlpoilbpltxh) (20
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Pa = 1-PR =@ , P 2

P -, P2 P +P 2 4P P
0,111 0,ng 0:“’1 0 ,ng"1l,ny; 0O 'y 0 ,n 1,n;

2

+P P P / (1-P -p 2 P +P

0 ,n 0O,ny l,m; Oyng "0 ,n3"1,nz O,n,

N Py p2 p w2 42 p 42 P
O,nl O,np oy O yng l,np O o 1y 0 Iy Lng 0 )y Ty 1,nz

+p 2 P (21)

P
0 ’n‘l 0)“2 l’ne)

(21) reduces to,

Again letting P =P =P and P = P
gal | g O,n.l 0,ng o’ 1,n, 1’

0

plan with ny = ny = n,

Pa =P + P02P1, which is the result for the associated ChSP-0,1

Plan (4): 1,2; 0,2

State at ith trial

0 1 2 R
2
0 Po,ng P1,ng Po,ng 1 —igopi»ne
State 1| p P 1-%p
at 0,ny 1,np ) -.Z i,ng
(i-1)st ’ ’ i=0
trial 9 p 1
. . - P
0,ng 0,ng
R P . . l1-pP
O,n, 0,n,

Fig. 5. Markov Chain for ChSP(n,,n,)=0,2 Plan: (ky,ky; Cy,Cy = 1,25 0,2)

P, =P

+ P
0 O.naPO O,m:alP

1 + Po,ngPZ + PO,n,lPR ()

Pl = pl,ngpo + pl,napl (23)




TECHNICAL REPORT NO. N-23
Issue 1 - Page 13
Ps =Py n’0 (29
Po + Py +P, +Pp =1 (25)
These combine to give,
Pa = (P + P P - P P P )/ ( +P
0,n, 0,n, 2,np o,ny, "1,m; 2,n 0o,n
+ P P -pP P P - P - P
O,n, 2,ny O,n 1,ng; 2,0 0,ng 1,ng
- P ) o + P P P ) 26
0,ng " 2,ng O,nz "1,ng 2,n (26)
With PO,n1 = PO,ng = Po, Pl,ng =Py and P2,na = Py, (28) reduces to,
Py + P - P P V
Pa = 0 0°2 0172 , which agrees
1 -P
1
with (19), page 13, Reference 3.
Plan (5): 1,3; 0,2
State at ith trial
00 01 10 11 02 20 RO R
00 2
Fo,ng P1,ng P2,ng . : 1= EPi,ng
01 P P l >
0,ne 1,1 ) ) ) -igopiyna
State ‘ i
at 10 P P . . . . . 1l - P
0 i
(i-1)st » T8 1,ng i=o M@
trial .
11 . S , . . . 1-Py .,
02 - . . - - PO,% 1l - PO,%
2 . . - - - .
RO . . - .
Py, n Py, ng Pang . . 1-EPin
R - - L] - - - 1 -
PO,n1 Po,n1
Fig. 6. Markov Chain for ChSP(n,,n,)-0,2 Plan: (k;,ky; C3,Cy =1,3; 0,2)
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Plan (6): 2,3; 1,2
State at ith trial
00 01 10 11 02 20 RO R1 R
P p
00 O,I\e l,nz . . 2,113 . . ° 1 —i=0pi’n2
0 Po Py ng :
1l . . Re-] ’ * ¢ * * ! -iEOPisna
1
10 po’n.a Pl’na ° ° ° o . . 1 -igopi,na
11 . . P ° . ° . . l -
State 0,np PO,na
at
(i—l)st 02 . . . . . I’o’rl2 . . 1 - P
trial 0,ng
20 I)o,n2 ° ° ° . o ° ° l - Po’n2
RO 3
Po’nl Pl,nl ° . . . . . 1 -iEOPi’n'l
Rl . . P ° . . . . 1 - P
O)n'l 0,n1
1 1
P - .
R . * . . ° . O’nl 1’n1 igopl’nl

Fig. 7. Markov Chain for ChSP(nl,nZ)—l,Z Plan:

(ky,kg; C3,Cy = 2,3; 1,2)
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: 1,5; 0,2

Plan (7)
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!;mow.- T Wzg WNry Wlog . . . . . . . . . . . . . . . . . . . . o
Moy . g . . Wlog . . . . . . . . . . . . . . . . zoy
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Plan (8): 1,2; 0,3

State at ith trial

0 1 2 3 R
0 Po,ng Pi,ng P2,ne P3,ny 1 —igopi,ng
1] Pons Fimy  F2m ' ! _ié Pi,ng
State p P 1 é p
at 2 0,ng 1,ng ' i= i,ng
(i-1)st
trial 3 P
0 . . . 1 - p
'he 0,ng
P . . . -
R 0,n, 1 - Py

Fig. 9. Markov Chain for ChSP(nl,nz)—0,3 Plan: (kl,kz; Cl,C2 =1,2; 0,3)

PO==1>0’ngPo+1>0’na Py + Poyn, Py + Po,n, Ps*'PoﬂHPR (27)
Pl = 1=°1’ng Po * Py ng Py + Pl’ne Pz {28)
Pz = Pz,nz PO + P2,n2 Pl (29)
P3 = P3, n, Pp (30)
Po +-Pl + Pz + Ps + PR =1 (3D

These combine to give,

Pa = [Po,nl(1+p2,na+P3,ne-Pl,n3P3,ng_Pl,nePZ,ngP3:n2)] / [1+P0,n1(1+P2,ne

+Pg P )-P (1+P +P

- P =P -P -
'z "1,n3" 3,np 1snaP2,naP3,na 0,ng 2,ng 3,ng 1’nap3»na

Pl,naPZ,naP3,ne)‘pl»ne-Plynapz,na] 2)
With Po , =Pg,n, = Pg» Pl,ny =Py, Py, = Py and Py, =Pg, (32)

reduces to,
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_ PgtPgPa*PgP3 PP, P3~PoP PoP3

Pa which
agrees with (9), page 4, Reference 4.

Plan (9): 2,3; 0,3

State at ith trial

o0 (138 10 11 02 20 21 12 03 30 . RO R
00t P P 1 g P
0,m l’r,b . - Pz’rb . - . 3’% . - —i-_-_-o i,%
4] - . - . - . . - -
! Po,m P1,m P2,n, 1 iéopi,ns
_“10 Po’xb pl’% . pz’r‘z - . 3 . - L4 ) l—igopi’nz
02 . . . . . Po,% Pl’% ™ . . P l—iéﬂpi,lb
Btate
at 1
(i_I)St 20 P P - . Y . . . - . . 1- P-
trial O,m “1,nmg 1ZoFi,ng
21 . . po,lb ° - . . - - . - l— PO'%
12 . . . o} . Po’% - - . . . 1- PO,%
03 . - . . . . . . . P(),Ib - 1- P()’rb
30 Po,tb . . . . 3 . . - . - 1- po’lb
Ro Po’xh [} T e - - . . | - . . . 1_ Po,n1
R . . . ° . . 3 L] . ) -
Po,n, 1~ Po,n

Fig.10. Markov Chain for ChSP(nl,nz)—0,3 Plan: '(kl’kz; Cl,C2 = 2,3; 0,3)
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By the use of the theory of Markov chains, the opérating characteristics

for a given value of fraction defective p over the effective range of p have
been carried out for a large number of ChSP(nl,nz) plans. Plans with Cl,Cz =
0,1; 0,2; 0,3 and 1,3; k2 = 2,3 and 5 and ny, = 2n,, for n, = 5, 10, and 100
have been evaluated. OC curves for these plans are shown in Appendix A,

Figs. 11 through 16.

Determination of ASN

As noted, the sampling plans being considered here result in a variable
amount of sampling inspection. A measure of this amount as a function of the
fraction defective is that of the average sample size or Average Sample Number
(ASN) as it is called. This statistic can readily be determined for the n,,n,
chain sampling plans in terms of the limiting probabilities of the appropriate
states.

In general the ASN is as follows:

ASN

n.p

1Pn, + n2 Png' where

Pn1 Proportion of trials (e.g. lots) for which n; is required.

Pne Proportion of trials (e.g. lots) for which ny is required

l—Pnl.
To illustrate with an example, consider the ChSP(nl,nz)—O,z plan with

parameters (ny,n,; 1,2; 0,2).

27
The possible states of the sampling process are: 0,1,2 and R, representing
the cumulative defectives over kz-l trials. ny is required after each

rejection for one (ky=1) trial. This occurs with probability Pp.

Hence, Pnl ='PR; Py, = 1y, and
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ASN = anR + nz(l-PR) = n, + n]_PR—nZPR.

To explore this more generally a somewhat more complicated example
must be considered, say ChSP(nj,np)-0,2 with parameters {(nj,n,; 2,3,; 0,2).

The possible states are: 00, 01, 10, 11, 02, 20, RO, and R,

In this case we cannot say that n; will be required twice (k1=2) after
each rejection since rejections can occur consecutively.

However only two states can be reached following a rejection, i.e.,
R and RO, the 1st (i.e. R) when a second rejection results and the 2nd (i.e. RO)
when an acceptance (DsC,) results. Thus ny is required after each rejection

and after each acceptance just preceded by a rejection.

Hence Pn1 = PR + Pno
P, = 1P =§P , i =00, 01, 10, 11, 02, 20

ASKN = nl(PR*‘PRO) + nZ(l—PR'PRO) , which can be reduced as follows,

ny + ny PR(1+PO) - nz\"R(1+Po)

]

where PO = probability of zero defectives in a sample of n,
with fraction defective, p.
Note that for each of the two cases considered above, when ny = ng =n,
ASN = n,
In general then,
for k; =0, ny is not used.
kl =1, ny is required after each rejection, for all ko,

i.e. k2 z k,+1

1
P =PR

kl 2 2, n,y is required after each rejection and after from one

to ky-1 acceptances just preceded by a rejection.
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o
Il

ny = 42 PJ., i.e. the sum of the limiting probabilities
of those states satisfying the above
conditions. $ corresponds to the set of
all states of the associated Markov chain
which involve an R and contain k, or less
sample outcomes (counting R).

(Note that this holds for k; = 1 also,
since the only state satisfying this
condition is "R" itself)

thus, ASN = T P+ no(l-3 P (33
us nljeg 5t n2 I J) )

A previous report3 contains the procedure for solving the Markov chains
for the limiting probabilities of the states with particular emphasis on the
"R" state so that Pa = 14y is obtained. By the same procedure the limiting
probabilities of the other states can be found in order to determine ASN.
The states for which limiting probabilities are needed, as noted above, are
those states containing an R, These are readily reduced to functions of
PR from the Markov chainé by the following relation and by the nature of the

construction of the states.

P; =8 pP5 5 38 (39)
i=1

where s = the fotal number of states
pij = the transition probabilities, generally

denoted by Pi’ i.e. the probability of getting

i defectives in a sample of n with fraction defective, p.
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e.g. for (nl,nz; 2,3; 0,2)
PRO = PdPR’ where Py = the probability of getting zero
defectives in a sample of ny
with fraction defective p.
and for (nl, ny; 4,5; 1,2)
Prooo1 = PiProo = P1PgPro = PyPg Vy» With Py and Py
similary defined.

For the special case of ny = 2n2 which applies to all of the specific
evaluations carried out in the present report, the formulation of ASN reduces

further. 1In this case expression (33) becomes,

ASN = + P ’ 35
o ) jgs 3 (35)

Further study has shown that for the ChSspP-0,1; 0,2; 1,2; 0,3 and 1,3 plans
with k2 = 2,3 and 5 which are considered in this report, five distinct formulas

for ASN result. These are as follows:

For all plans with ky = 1, from (1,2; 0,1) to (1,5; 1,3),

ASN = n, + nZPR’ (36)

For plans with C;,Cy = 0,1; 0,2 and 0,3 and ky =2
ASN *= ny + ny(1+Pgy) Py, 37)
For plans with C3,Cy = 0,1; 0,2 and 0,3 and ky = 4,

2
ASN = ny + ny(1+Pg + Py + D) Py , (38)
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For plans with Cl’cz = 1,2 and 1,3 and ky = 2,

ASN = ny + n,(1+Py + Py) Pp (39)
For plans with Cl,C2 = 1,2 and 1,3 and k1 = 4,

ASN = ny + n, (1405 + P2 + B3 + 2pgp, + 3p,%P)) Py, (40)

where in all cases Pg and Py denote the probabilities of 0 and 1

defectives in a sample of ny with fraction defective, p.

Formulas (36) through (40) have been used to obtain the results which are
presented in Appendix B, A set of ASN curves for n;=200, ny=100 for Ky,
k2=1,2; 1,3; and 2,3 is shown in Fig, 17, Another set for kl,k2=l,5; 2,5;
and 4,5 is shown in Fig. 18, These sets correspond directly to the ChSP

plans for which the OC curves are presented in Figs. 15 and 16, Appendix A.

The ASN curves for the sample size combination, n1=200, no=100, are shown

as being representative of the effect of the ChSP parameters on this property.

DISCUSSION OF OPERATING CHARACTERISTICS
The OC curves shown in Figs. 11 through 16 of Appendix A have been

arranged differently than those of the preceding reports. Three sets of
two pages each are used for the different sample size combinations--Figs.
11 and 12 for n;=10, no=5; Figs. 13 and 14 for ny=20, ny=10; and Figs. 15
and 16 for ny=200, n2=100. Each chart within a page contains OC curves for
different kj, ke combinations--kj,ko=1,2; 1,3; and 2,3 on the first page of
a set and kl,k2=l,5; 2,5; and 4,5 on the second page of a set. Thus the

effect of changing kj is shown between each of the individual charts as is
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the effect of changing k2 also. The effect of different C; is shown within
each individual chart. By this arrangement the combinations of Ci’ i.e.
€;,C=0,1; 0,2 and 1,2; 0,3 and 1,3, of three preceding reportsl, 3,4 are
all covered in this single report for the more general ChSP(nl,nz)—Cl,C2
plans. The OC curves are of Type B*, based on probabilities of sampling
from a process.

By comparing the OC curves of this report with those of the previous
reports it can be seen that all of the OC curves presented here are tightened
considerably over their constant n counterparts (where n=n, of these plans);

the scales have been halved. However, within this tightened range of p values

and C_, are the same as for the

it is seen that the effects of kl,kz,Cl, 2

constant n case. We need only to summarize these effects, then.

Effect of kl and k2

Increasing ky from 1 up to k2-1 has the effect of tightening (i.e. lowering)
the OC curves, more drastically for ChSP(nl,nz)—O,C2 than for ChSP(nl,nz)-
1,C2. (The k1=0 plans are not shown due to the poor discrimination of these
plans and because they are not part of the ChSP(nl,nz) set of plans (i.e. they
involve only one stage).- Increasing k2 also has the effect of tightening
the OC curves. However, in the case of a fixed kl’ say k1=1, this tightening

is accompanied by a somewhat poorer discrimination. For the plans in which

k1=k2—1, the effect of increasing k2 is to tighten the OC curves considerably.

Effect of C1 and C2

In the ChSP—Cl,C2 plans of previous reports it was noted that the effect

of using a 0,1; 0,2; or 0,3 chain sampling plan is to add a swelling on the

%*
See Reference 8, pp. 56-60.
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underlying OC curve of the c=0, given n, single sampling plan. It was also
noted that the swelling increases (particularly for low values of fraction
defective, p) by going successively from a 0,1 to a 0,2 and 0,3 plan. It

can be seen from the OC curves presented here that a similiar effect is true
for the ChSPOH,nz)—O,Cz plans, although here the swelling is added to the

c=0, n,, single sampling plan. The ChSP(nj,ng)-1,Co plans, like their constant
n counterparts, have less discriminating OC curves,

The cost that is incurred in terms of additional inspection effort for
the greatly improved discrimination and tightening of the OC curves of the
ChSP(nl,nz)-Cl,Cz plans (with nj=2n,) is provided, to a large extent, by
the average sample number, ASN, As noted, sample sets of ASN curves for
n1=200, n2=100 are shown in Figs. 17 and 18 of Appendix B. It can be seen
from these curves that ASN is effected most significantly by the parameter

kqy (which, of course, specifies the number of samples of n, required after

1
each rejection}. In general, the curves tend to support the use of plans
with the smaller kl values, i.e. k1=1 or 2,

To facilitate comparison-of the ChSP(nlnz)—Cl,Cz plans with their ChSP-
Cl,C2 counterparts, two additional sets of OC curves are presented in Figs.
19 and 20 of Appendix C. Fig. 19 contains OC curves for parameter sets;

k,,ko=1,2; 1,3; 2,3, and 1,5; C1,C5=0,1 and 0,2 for n;,np=20,10 and for n=10,

11
Fig. 20 contains OC curves for parameter sets: kl,k2=1,2, 1,3, 2,3, and 2,5;
Cl,Cz=0,2 and 0,3 for nl,n2=200,100 and for n=100, The curves clearly

illustrate the effect of the larger sample size in the first stage, i.e.

n1=2n2.
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Appendix A: Operating Characteristic Curves for ChSP(ny,n9)-C3,Co Plans

OC curves for the following plans are presented here. Figs, 11, 12;
13, 14; and 15, 16 give OC curves for sample size combinations, nj3,n9=10,5;

20,10; and 200,100 respectively,

Figs. 11.1, 13.1 and 15.1 Figs. 11.2, 13.2 and 15.2 Figs. 11.3, 13.3 and 15.3
n;,nz=10,5; 20,10; 200,100 n;,n,=10,5; 20,10; 200,100 n;,ng=10,5; 20,10; 200,100

k1 k2 01 Cp K k201 G Kk 0 G
1 2 3 1 3 1 3 2 3 1 3
1 2 1 2 1 3 1 2 2 3 1 2
1 2 0 3 i1 3 0 3 2 3 0 3
1 2 0 2 1 3 o 2 2 3 0 2
1 2 0 1 1 3 0 1 2 3 0 1

Figs. 12,1, 14.1 and 16.1 Figs. 12,2, 14.2 and 16.2 Figs, 12.3, 14.3 and 16.3
ny,no=10,5; 20,10; 200,100 ny,np=10,5; 20,10; 200,100 n4,n,=10,5; 20,10; 200,100

KLk G C2 k1 k3 0 C2 K1k 01 C2
15 1 3 2 5 1 3 4 5 1 3
15 1 2 2 5 1 2 4 5 1 2
15 0 3 2 5 0 3 4 5 0 3
1 5 0 2 2 5 0 2 4 5 0 2
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14. OC curves for ChSP(20,10)-Cy,C9 Plans, kj,kg = 1,5; 2,5; 4,5,
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16. OC Curves for ChsP(200,100)-C;,Co Plans, kj,kg = 1,5; 2,5; 4,5,
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B: Average Sample Number Curves for ChSP(n,,n,)-Cy,Co Plans

ASN curves for the following plans are presented here, for the

sample size combination nj,ns<200, 100,

Fig. 17.1
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Fig., 18, ASN Curves for ChSP(200,100)-C3,Cy Plans, ky,ky = 1,5; 2,5; 4,5.



TECHNICAL REPORT NO, N-23
Issue 1 - Page 36

Appendix C: Operating Characteristic Curves for ChSP(ny,ng)-C3,Co and
ChSP-Cy,C,, Plans,

OC curves for the following plans are presented here.

Fig. 19.1 Fig. 19.2 Fig. 19.3 Fig. 19.4
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